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Summary1

Turbulent boundary layers with non-zero pressure2

gradients are present on almost all aerospace flight3

vehicles and radiate acoustic waves. A semi-empirical4

mathematical model is developed to predict acoustic5

radiation from non-zero pressure gradient turbulent6

boundary layers. The arguments of the mathemati-7

cal model are the turbulent statistics and meanflow,8

which are numerically derived from steady Reynolds-9

averaged Navier-Stokes equations closed by an alge-10

braic Reynolds stress model. Predictions are con-11

ducted for four subsonic Mach numbers and five non-12

dimensional pressure gradients. The turbulent statis-13

tics and meanflow relative to the zero pressure gra-14

dient boundary layer are quantified. Predictions of15

acoustic radiation are compared with a previously de-16

veloped analytical model and a well validated large17

eddy simulation. Finally, relative changes of the18

power spectra for four Mach numbers and four non-19

dimensional pressure gradients are compared with20

corresponding zero-pressure gradient flows.21

Nomenclature22

Symbols
Aijlm Coefficient matrix
c Speed of sound
cf Skin friction
ci Constants
Ft Far-field term
f Frequency
G Cross-power spectral density
Iτ Integrated terms with respect

to τth derivative
k Turbulent kinetic energy
lsi Turbulent length scale in direction i
Mt Mid-field term
Nt Near-field term
Rijlm Model of two-point cross-correlation

of Lighthill stress tensor
R Normalized two-point cross-correlation
Rc Recovery factor
r Vector from source to observer
S Auto-power spectral density
t Observer time
Tij Lighthill stress tensor
T Temperature
u Fluid velocity
xi Observer position
uτ Wall friction velocity
V Volume that boundary layer encompasses
xl Streamwise location of velocity profile

from leading edge

u+ Velocity coordinate
yi Source position

y+ Wall coordinate

Greek Symbols
∆1 Parameter of integration
δ Boundary layer thickness
δij Kronecker delta function
η Vector between sources
η Cross-stream source separation
Π Coles wake factor
ξ Streamwise source separation
κ Von Karman constant
ρ Density
ρw Density at wall
τ Retarded time
τs Turbulent time scale
τw Wall shear stress
ν Kinematic viscosity
ζ Spanwise source separation
ω Radial frequency

Non-Dimensional Numbers
M Vector Mach number
Re Reynolds number
ReKp Porous Reynolds number
St Strouhal number

Abbreviations
CPSD Cross-power spectral density
CSAA Cross-spectral acoustic analogy
DNS Direct numerical simulation
LES Large eddy simulation
PIV Particle image velocimetry
SPL Sound pressure level

Introduction 23

Most industrial flows contain strong adverse or favor- 24

able pressure gradients in the axial direction within 25

the turbulent boundary layer. Early investigations 26

of turbulent boundary layers started because of the 27

1904 lecture by Prandtl [1]. Articles of Kovasznay [2], 28

Kline et al. [3], Eichelbrenner [4], and Schlicting [5] 29

summarize the process of the dynamics of turbulence 30

within the boundary layer. In this paper, we predict 31

the acoustic radiation from a non-zero pressure gra- 32

dient turbulent boundary layer. 33

Excellent investigations that focus on the statistics 34

of turbulence within turbulent boundary layers with 35

non-zero pressure gradient are rare. Similarity solu- 36

tions for the scaling of statistics within the turbulent 37

boundary layer remain an open canonical problem. 38

In the review article of Kovasznay [2], he character- 39
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izes the pressure gradient using a non-dimensional ap-40

proach, K = ν(ρu3
∞)−1∂p/∂x, where K is the non-41

dimensional pressure gradient, p is the pressure, u42

is the streamwise velocity component, x is the ax-43

ial direction, ρ is the density, and ν is the viscos-44

ity. Kline et al. [3] examined mean velocity profiles of45

various boundary layers characterized by K. Bound-46

ary layers with a mild pressure gradient are nearly47

in equilibrium. For large values of K the boundary48

layer is not in equilibrium. Kline et al. [3] showed that49

the boundary layer velocity profile possesses similarity50

within the outer region when normalized with shear51

velocity and possesses similarity within the inner re-52

gion when normalized by wall friction velocity, uτ .53

Thus, it is difficult to propose a composite profile like54

that shown previously which explicitly accounts for55

variation of K. Castillo [6], who collapsed the mean-56

flow for pipes and channel flows using power laws in-57

stead of log laws, showed that collapse of boundary58

layers in pressure gradients could be possible. This59

latter approach opens the possibility of correctly pre-60

dicting the boundary layer meanflow with a pressure61

gradient. It does not yield any insight on the effect62

of the boundary layer pressure gradient on the turbu-63

lence statistics.64

The first model for the prediction of noise from tur-65

bulent boundary layers was of Powell [7]. Powell [7]66

used Lighthill’s acoustic analogy in conjunction with67

a mirror source and showed that the acoustic power is68

proportional to the volumetric integral of the second69

time derivative of the Lighthill stress tensor multiplied70

by ρ−1
∞ c−5
∞ . Analysis of Powell [7] shows that pres-71

sures on the wall are only the aerodynamic ‘imprint’72

of turbulence, and the recent work of Naka et al. [8]73

supports this viewpoint. In a series of philosophical74

papers, Ffowcs Williams [9, 10] and Ffowcs Williams75

and Purshouse [11] examined the noise due to turbu-76

lent boundary layers. No predictions are shown within77

these papers, thus it is difficult to justify the validity78

of their theories. As the pressure on the wall is an im-79

print of the large-scale turbulence within the bound-80

ary layer, it is tempting to create a prediction model81

for the acoustic radiation that is dependent on the82

wall wavenumber pressure spectrum. An empirical83

approach of Howe [12] related the wall wavenumber84

pressure spectrum to the acoustic spectrum. Similar85

to the model of Howe [12], Glegg et al. [13] created a86

model that depends on the wavenumber spectrum of87

the surface pressure fluctuations, and additionally in-88

cluded a correlation function for the surface roughness89

distribution. Numerically based approaches include90

those of Hu et al. [14, 15], who performed a direct nu-91

merical simulation (DNS) combined with an acoustic92

analogy and a half-space Green’s function. Gloerfelt93

and Berland [16] and Gloerfelt and Margnat [17] per-94

formed an LES of a compressible turbulent bound-95

ary layer at three high speed Mach numbers. They96

predicted the acoustic radiation at observers within97

the computational domain and also with a Ffowcs 98

Williams-Hawkings solver. These predictions showed 99

excellent agreement but had a considerable computa- 100

tional cost. 101

Recently, Miller [18] developed the cross-spectral 102

acoustic analogy (CSAA), which is capable of predict- 103

ing the near-field cross-spectra of acoustic pressure 104

from an arbitrary turbulent field in motion. When 105

both observers are placed at the same spatial location 106

the model predicts the auto-spectra of acoustic pres- 107

sure. If the observers are at the same location and in 108

the far-field, then the model reduces to the Lighthill 109

acoustic analogy in the frequency domain. Recently, 110

the CSAA was successfully applied to predict acous- 111

tic radiation from boundary layer turbulence without 112

pressure gradients by Miller [19]. The model argu- 113

ments were based on the similarity solutions of the 114

turbulent boundary layer. The CSAA is the basis of 115

this paper, and it requires knowledge of the statis- 116

tics within the turbulent field, which is the turbulent 117

boundary layer. 118

We now examine the model equation of Miller [19]. 119

It was argued that by only retaining dominant terms 120

of the Reynolds stress, approximating the length 121

scales as proportional to the distance from the wall, 122

only examining a differential volume element V , and 123

approximating the coefficient matrix as Aijlm ∝ 124

ρ2(cfρ∞ρ
−1
w u2

∞)2, the spectral density scales as 125

S ∝ c2fρ2

(
ρ∞
ρw

)2

lsxlsylszτs

×
{

u4u4
∞

c4∞r
2l4sx

+
u2u4
∞

c2∞r
4l2sx

+
u4
∞
r6

}
V,

(1)

where c is the speed of sound, cf is the skin friction, 126

lsi is the turbulent length scale in the direction i, r is 127

the propagation distance, S is the spectral density, u 128

is the streamwise velocity component, V is the differ- 129

ential volume element, ρ is the density, and τs is the 130

turbulent time scale. Here, the terms in the brack- 131

ets correspond to the far-field, mid-field, and near- 132

field radiation. Effectively, the far-field term scales 133

with u4u4
∞, the mid-field term scales with u2u4

∞, and 134

the near-field term scales with u4
∞. Miller [19] as- 135

sumed that the length scales are proportional to the 136

compressible boundary layer thickness and that the 137

observer is in the far-field. Using the definition of 138

turbulent kinetic energy, using one-point turbulent 139

scale estimation, and using simplified relations for the 140

Reynolds stresses, a simplified scaling for the spectral 141

density of acoustic pressure in the far-field from a tur- 142

bulent boundary layer was proposed 143

Sfar-field ∝
1

r2

c2f
c4∞

τs
δ

(
ρρ∞
ρw

)2

u8
∞V, (2)

where δ is the boundary layer thickness. Here, the 144

spectral density, S, scales as the eighth power of u∞, 145

which is consistent with the theory of Lighthill for the 146
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scaling of noise from turbulence. The other arguments147

within Eqn. 2 are derived from basic boundary layer148

theory (see Schlicting [5] for details). Compressibil-149

ity and temperature effects have the greatest impact150

on the density terms (ρ and ρw) within Eqn. 2. The151

spectral density scales with the eighth power of veloc-152

ity, and the spectral density is most sensitive to this153

argument and is relatively less sensitive to the other154

arguments.155

In this paper, the model for the spectral density156

of acoustic pressure is applied to the non-zero pres-157

sure gradient turbulent boundary layer. Unlike the158

previous approach, the model is now adapted and159

subsequently connected to steady RANS solutions of160

the non-zero pressure gradient turbulent boundary161

layer. Statistics of turbulence are now numerically162

computed using an algebraic Reynolds-stress closure.163

Both aerodynamic and aeroacoustic predictions are164

compared with theory and purely numerical predic-165

tions. The variation of the turbulent statistics and166

radiated noise are examined with respect to changes167

in the non-dimensional pressure gradient.168

In the next section of this paper, the mathematical169

model and its connection to steady RANS solutions170

are shown. Implementation of the model is then dis-171

cussed. Numerical solutions of the RANS equations172

for boundary layers and acoustic predictions based on173

the RANS solutions are then shown.174

Mathematical Theory175

Predictions of the spectral density of acoustic pressure176

are conducted using the theory of Miller [19]. Here,177

the cross-spectral acoustic analogy is used, which is a178

statistical solution of the Navier-Stokes equations in179

the form of the Lighthill acoustic analogy. We retain180

the far-field term, as it was previously shown that the181

mid-field and near-field terms contribute very little182

acoustic energy within a subsonic turbulent bound-183

ary layer. It was shown that the spectral density184

of the acoustic pressure from a turbulent boundary185

layer with one particular form for the two-point cross-186

correlation of the equivalent source is187

S (x, ω) = 4π−2

∞∫
−∞

...

∞∫
−∞

{AijlmlsylszFtI} dξdη,

(3)

where Aijlm is a coefficient matrix, ξ is a vector be-188

tween two sources in the axial direction, and η is a189

vector from the origin to a point within the turbulent190

boundary layer. The far-field term is191

Ft ≈
[

1

c4∞rr
′

]
. (4)

The coefficient matrix Aijlm is192

Aijlm ≈ Pfρ ρ′uiuj u′lu′m, (5)

where Pf is a constant coefficient. Within Eqn. 3, I 193

is 194

I =
12u4

l4sx

π1/2lsx
2u

exp

[
u2 − 2iu(lsx + 2π)ω − l2sxω2

4u2

]
× exp

[
u tanh[αξ](−2(u+ ilsxω) + u tanh[αξ])

4u2

]
×
(

exp

[
ilsxω tanh[αξ]

u

]
erfc

[
u− ilsxω − u tanh[αξ]

2u

]
+ exp

[
ilsxω

u

]
erfc

[
u+ ilsxω − u tanh[αξ]

2u

])
for ξ ≥ 0

and

12u4

l4sx

π1/2lsx
2u

exp

[
u2 − 2iu(lsx + 2π)ω − l2sxω2

4u2

]
× exp

[
u tanh[αξ](2(u− ilsxω) + u tanh[αξ])

4u2

]
×
(

erfc

[
u− ilsxω + u tanh[αξ]

2u

]
+ exp

[
ilsxω(1 + tanh[αξ])

u

]
erfc

[
u+ ilsxω + u tanh[αξ]

2u

])
for ξ < 0.

(6)
The model integrations are based upon the mixed 195

Gaussian-exponentially decaying model of the two- 196

point cross-correlation of the equivalent source 197

R = exp

[
− (ξ − uτ)2

l2sx

]
exp

[
− (1− tanh[α|ξ|])|ξ − uτ |

lsx

]
× exp

[
− |ξ|
lsx

]
exp

[
−|η|
lsy

]
exp

[
−|ζ|
lsz

]
,

(7)
where α is a constant. We estimate the length scale 198

within R by adopting the model of Efimtsov [20] 199

ls = a4δ

(2πa1f

uc

)2

+
a2

2(
2πfδ
uτ

)2

+
(
a2
a3

)2


− 1

2

, (8)

where a1 = 0.1, a2 = 72.8, a3 = 1.54, and a4 = 6. 200

The spanwise length scale uses an alternative set of 201

coefficients, where a1 = 0.1, a2 = 548, a3 = 13.5, and 202

the other values of a remain the same. 203

The numerical evaluation of Eqn. 3 is complex. 204

Equation 3 does not account for the interaction of 205

acoustic radiation with the wall that bounds the flow. 206

To account for the wall, we adopt the approach used 207



Miller, p. 4

by Powell [7], who used the concept of the ‘mirror’208

source. Equation 3 requires the knowledge of two ob-209

server positions, two source positions, and associated210

vectors dependent on the observer and source posi-211

tions. Observer positions are restricted to y > δ,212

where δ is a function of x. Sources reside within213

the turbulent flow-field and are restricted to |y| ≤ δ,214

where the absolute value is due to the use of the mir-215

ror source concept. By examining Eqn. 3, it is evi-216

dent that for every source position y1 the vector η is217

defined to include every possible source location y2.218

There is an acoustic propagation delay from the mir-219

rored source. The source and its mirror share the220

same equivalent source. Numerical integration is per-221

formed using the CFD solution. Predictions are con-222

ducted iteratively for observer positions, x, and fre-223

quencies, ω. Spatial integrals of Eqn. 3 are evaluated224

numerically.225

Results226

We examine non-zero pressure gradient turbulent227

boundary layers at four Mach numbers, M∞ =228

0.30, 0.50, 0.70, and 0.90. The reference length scale229

of the Reynolds number, Rex, is based on the unit230

distance from the leading edge, xl = 1 m. Estima-231

tions of relevant flow parameters of these four bound-232

ary layers with zero pressure gradient are shown in233

Table 1. These values are estimated with the the-234

ories presented by Schlicting [5]. We impose four235

non-dimensional pressure gradients through a source236

term of the momentum equation for each of the four237

M∞. These non-dimensional pressure gradients are238

∂p̃/∂x = −0.02,−0.01, 0.01, and 0.02. Four ambient239

Mach numbers and five non-dimensional pressure gra-240

dients are considered, therefore we examine 20 flow-241

fields and associated acoustic predictions. In Table 1,242

τw is the wall shear stress, δ is the boundary layer243

thickness, uτ is the friction velocity, and y+ is the244

distance corresponding to y+ ≈ 1. Unfortunately, a245

well developed theory is not available to estimate with246

accuracy these quantities with imposed pressure gra-247

dients. These numerically derived quantities will be248

presented in the next section, and finally aeroacoustic249

predictions will be presented.250

Aerodynamics251

The meanflow and turbulent statistics of bound-252

ary layer flows with non-zero pressure gradients are253

obtained numerically with the Fully Unstructured254

Navier-Stokes (‘FUN3D’) CFD solver of NASA Lan-255

gley Research Center. The FUN3D CFD solver cal-256

culates numerical solutions of the RANS equations257

closed by an appropriate turbulence model. Here,258

the RANS equations are closed by the Wilcox [21]259

Reynolds stress model with compressibility correc-260

tions. With this choice of turbulence model, the full261

Reynolds stress tensor and meanflow are predicted. 262

The solver performs between 10,000 and 40,000 it- 263

erations for each boundary layer flow examined. A 264

Courant-Friedrichs-Lewy (CFL) time step ramping is 265

performed for the first 250 iterations which linearly 266

increases the CFL number from 0.5 to 25. The CFL 267

number is held constant at 25 for the remaining itera- 268

tions. Roe flux vector splitting without a flux limiter 269

is used to discretize the equations. For full details of 270

the solver see Biedron et al. [22]. 271

A single computational domain is used for all nu- 272

merical calculations. The computational domain is 273

shown in Fig. 2, where the lines represent the con- 274

nectivity between grid points. Though the solver is 275

unstructured, a structured domain is used for the 276

CFD calculations. The computational domain con- 277

tains 249500 nodes and 124002 elements. The dis- 278

tance from the wall to the closest boundary point cor- 279

responds to y+ ≈ 0.2 (highest value), thus the bound- 280

ary layer flow is highly resolved. This point is initially 281

found through an estimate of viscous layer thickness 282

for the highest speed case. The distribution of grid 283

points depends upon a hyperbolic tangent growth rate 284

applied in the streamwise and cross-stream directions. 285

The domain contains two planes separated by a dis- 286

tance of 0.01 m in the z direction. The use of a three- 287

dimensional domain for two-dimensional flows is a re- 288

quirement of the solver. 289

Multiple boundary conditions are imposed on 290

the steady RANS equations closed by the Wilcox 291

Reynolds stress model. The boundary conditions 292

are consistent between simulations. Figure 2 shows 293

the computational domain. Along the left boundary 294

(x = −1 m) a subsonic inflow is prescribed by im- 295

posing a total pressure and total temperature corre- 296

sponding to the ambient Mach number. In these sim- 297

ulations, we primarily examine four subsonic Mach 298

numbers of 0.30, 0.50, 0.70, and 0.90. The normalized 299

values of total pressure, pt, and total temperature, Tt, 300

are shown in Table 2 for these four Mach numbers. At 301

this inlet boundary condition the cross-stream veloc- 302

ity component is zero. At the right side of the grid 303

(x = 3 m), the static pressure is prescribed as the 304

ambient pressure and is an outflow boundary condi- 305

tion. The upper boundary (y = 1 m) is the Riemann 306

invariant boundary condition. The lower boundary 307

(y = 0 m) is prescribed as a slip wall (streamwise ve- 308

locity component can vary) in the range of x < 0, and 309

in the range x ≥ 0 is a no-slip wall (velocity is zero). 310

Finally, in the spanwise direction symmetry boundary 311

conditions are imposed, which means that the span- 312

wise mean velocity component is zero. For details of 313

these boundary conditions see Biedron et al. [22]. 314

The pressure gradient within the flow is imposed 315

through an additional source term within the momen- 316

tum equation. We enforce this source term explic- 317

itly by setting ∂p̃/∂x to be a small non-zero number, 318

where this quantity represents the non-dimensional 319
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pressure gradient. Here, the non-dimensional pressure320

gradient, ∂p̃/∂x, is related to the actual pressure gra-321

dient through the factor ν(ρu3
∞)−1∂p/∂x. The pres-322

sure gradient as a source term within the equations323

of motion will not exactly correspond to the pressure324

gradient within the flow-field as it represents a source325

term. The actual pressure gradient is calculated from326

the numerical solution.327

We examine residual to quantify convergence of our328

numerical solver. Figure 3 shows the residual per it-329

eration for the M∞ = 0.90 and ∂p̃/∂x = 0 case.330

The y-axis is the residual of each unknown variable331

and the x-axis is the iteration number. We examine332

this case because the most iterations are performed333

for convergence. After the first few thousand itera-334

tions through iteration 35,000 continual reduction of335

the residual is obtained. After iteration 35,000, the336

residual has ceased reduction with increasing itera-337

tion. Generally, the residual of each unknown variable338

has increased by approximately five orders of magni-339

tude from the initial condition. The initial condition340

of each simulation is the ambient Mach number and341

ambient pressure. For select cases, if the adverse pres-342

sure gradient is too large then the solution diverges.343

These divergent results are not examined further.344

We now examine the numerical solution of the345

steady RANS equations. Contours of M = uc−1 are346

shown in Fig. 4. The y-axis is the cross-stream direc-347

tion and the x-axis is the streamwise direction. The348

flow corresponds to M∞ = 0.50 and ∂p̃/∂x = 0. We349

derive our boundary layer profile statistics from the350

axial location of xl = 1, where the turbulent bound-351

ary layer is well developed. These simulations assume352

that the profile is fully turbulent and starts evolving353

at the leading edge of the surface located at x = y = 0.354

Also, the contours of M show that the flow in front355

of the plate is disturbed.356

We have described and shown select numerical so-357

lutions of the steady RANS equations closed by the358

Wilcox Reynolds stress model. We derive flow statis-359

tics numerically from these solutions as it is not possi-360

ble to find them readily through semi-empirical meth-361

ods. Table 3 shows these numerically derived val-362

ues for each solution that are dependent on M∞,363

Rex, xl, and ∂p̃/∂x. These derived values are lo-364

cated at xl = 1. Here, τw is the wall shear stress,365

δ is the boundary layer thickness, uτ is the friction366

velocity, y+ is the distance from the wall to the first367

grid point, and ∂p/∂x is the pressure gradient. It368

can be shown that the non-dimensional and numeri-369

cally derived pressure gradient do not contain a linear370

relationship. The pressure gradient was prescribed371

as a momentum source. It is expected that as the372

adverse pressure gradient is increased then δ will in-373

crease, which is observed in our numerical results.374

The remaining part of this section examines quan-375

titative comparisons of the numerical solutions with376

variation of the non-dimensional pressure gradient.377

We first examine the streamwise velocity component, 378

u+ = uu−1
τ , relative to y+. Figure 5 shows varia- 379

tion of u+ for four Mach numbers and for five non- 380

dimensional pressure gradients. It is immediately 381

apparent that at lower Mach numbers the effect of 382

the same non-dimensional pressure gradient is much 383

stronger than at higher Mach numbers. At M∞ = 384

0.3, the variation of u+ can be as much as 4 within the 385

outer region of the boundary layer. Within the outer 386

region of the boundary layer near y+ ≈ 100, there 387

is minor divergence from the zero pressure gradient 388

case. Almost no apparent variation is observed in the 389

meanflow at M∞ = 0.90. Within the inner region of 390

the boundary layer there is no variation, which shows 391

that the inner region is invariant to non-dimensional 392

pressure gradient at these Mach numbers. 393

The variation of ρ and T with M∞ and ∂p̃/∂x 394

is shown in Fig. 6. Both ρ and T are normalized 395

by their respective ambient quantities, ρ∞ and T∞. 396

Large variations of ρ and T are observed relative to 397

the zero pressure gradient case at low Mach numbers. 398

AsM∞ is increased, the variation of ρ and T is much 399

more dramatic. At all Mach numbers, the variation 400

of ∂p̃/∂x causes changes of ρ and T throughout the 401

entire boundary layer profile. 402

We now turn our attention to the variation of the 403

turbulent statistics, in particular the Reynolds stress 404

tensor components, with varying non-dimensional 405

pressure gradient. Figure 7 shows the variation 406

of u′u′
1/2
u−1
τ with M∞ and ∂p̃/∂x. We present 407

u′u′
1/2
u−1
τ relative to the baseline zero pressure gradi- 408

ent case. It is customary to collapse turbulent statis- 409

tics for zero pressure gradient turbulent boundary lay- 410

ers by uτ , and we use the same approach here. Unlike 411

some of the meanflow results the turbulent statistics 412

are highly altered by the pressure gradient. At low 413

Mach numbers the turbulent statistics are more sen- 414

sitive to pressure gradient than at high Mach num- 415

bers. Large variations of the turbulent statistics are 416

observed consistently near y+ ≈ 10 and in the outer 417

region. Note that each subfigure uses different ranges 418

in the y-axis because of the large variations between 419

Mach numbers. 420

The variation of the second and third diagonal com- 421

ponents of the Reynolds stress tensor demonstrate 422

similar trends. Figures 8 and 9 show ∆v′v′
1/2
u−1
τ 423

and ∆w′w′
1/2
u−1
τ versus y+. The trends of these two 424

components are nearly identical except for their mag- 425

nitudes. For example, compare Fig. 8 (a) with Fig. 9 426

(a), where the latter is approximately 60% in magni- 427

tude but the shape is nearly the same. The largest 428

variations of the Reynolds stress components occur 429

near low Mach numbers and there is considerably less 430

variation at high Mach numbers. 431

We now examine the variation of off-diagonal 432

Reynolds stress components. Figure 10 shows off- 433

diagonal components ∆u′v′
1/2
u−1
τ . Within the inner 434



Miller, p. 6

region of the boundary layer, the off-diagonal compo-435

nent increases in intensity and within the outer region436

it decreases in intensity. Near the edge of the bound-437

ary layer there are strong and narrow changes relative438

to the zero pressure gradient off-diagonal components.439

Changes in Reynolds stresses and meanflow quan-440

tities are most apparent at low Mach numbers and441

changes are generally very small at high Mach num-442

bers. Unfortunately, there is no known methodology443

to demonstrate similarity of the Reynolds stresses for444

non-zero pressure gradient boundary layers. In these445

numerical simulations, we have captured the variation446

of the meanflow and turbulent statistics with pres-447

sure gradient. These numerical results are now used448

as arguments in the model equation to predict the449

variation of acoustic radiation with non-zero pressure450

gradient.451

Aeroacoustics452

We now use the developed acoustic analogy and nu-453

merically predicted turbulent statistics to conduct454

acoustic predictions. We first compare the present455

prediction with the model of Miller [19] and the LES456

solution of Gloerfelt and Berland [16] and Gloerfelt457

and Margnat [17]. Figure 11 shows these compar-458

isons at three Mach numbers of 0.50, 0.70, and 0.90 for459

∂p̃/∂x = 0. The x-axis is frequency, f , and the y-axis460

is sound pressure level (SPL) per unit f . The two pre-461

diction approaches contain the same trends but there462

is variation especially near 30 kHz, where the spec-463

trum starts to decay with increasing frequency. This464

is not unexpected as the model of Miller [19] used em-465

pirical models of the turbulent statistics, which are466

arguments of the acoustic analogy. Nonetheless, rela-467

tive to the predictions of Gloerfelt and Margnat [17]468

we have some certainty that the numerically derived469

turbulent statistics have been correctly incorporated470

into the prediction.471

Figure 12 shows predictions of SPL per unit f for472

four Mach numbers at five non-dimensional pressure473

gradients. These flows and their associated proper-474

ties are summarized in Table 3. At M∞ = 0.30475

the changes in acoustic radiation are extremely large.476

This is in contrast to the predictions at M∞ = 0.90,477

where a very small change in ∆dB is apparent. These478

results are not unexpected as it was previously noted479

that the largest changes of turbulent statistics and480

meanflow properties occurred at low Mach numbers481

relative to high Mach numbers for constant non-482

dimensional pressure gradient. The clearest beneficial483

trend for noise reduction, especially at compressible484

Mach numbers, is that as pressure gradient becomes485

more favorable noise is reduced. Predicted spectra486

appear to not alter their overall shape but shift in fre-487

quency and amplitude, almost linearly, with changing488

pressure gradient.489

Conclusion 490

We showed numerical predictions of the changes in 491

acoustic radiation from non-zero pressure gradient 492

boundary layers for four subsonic Mach numbers and 493

four non-dimensional pressure gradients. These com- 494

parisons are relative to the zero-pressure gradient 495

boundary layer flow. The predictions are based upon 496

an acoustic analogy that is connected to the turbulent 497

statistics generated from a steady Reynolds-averaged 498

Navier-Stokes solver closed by an algebraic Reynolds 499

stress model. Predictions of the approach agreed with 500

the previous analytical model and a well validated 501

large eddy simulation. Also, the associated statistics 502

for these cases is explored relative to the zero-pressure 503

gradient boundary layer flow. It is shown that at low 504

Mach numbers the statistics of turbulence, meanflow, 505

and acoustic radiation are more so highly affected by 506

pressure gradient relative to high Mach number sub- 507

sonic flows. Small negative incremental steps in non- 508

dimensional pressure gradient produce lower energy 509

acoustic power spectra. The spectra shift to lower 510

frequencies and sound pressure levels with favorable 511

pressure gradients. Development of composite mean- 512

flow profiles and similarity of turbulent statistics with 513

pressure gradient would allow a fully statistical model 514

to be developed that does not rely on numerical sim- 515

ulation. 516
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Tables616

Table 1: Theory based flow conditions.

M∞ Rex xl [m] τw [Pa] δ [m] uτ [ms−1] y+ Distance [m]
0.30 6.818×106 1 20.43 3.073×10−2 4.117 3.667×10−6

0.50 1.136×107 1 53.24 2.976×10−2 6.646 2.271×10−6

0.70 1.591×107 1 100.2 2.916×10−2 9.116 1.656×10−6

0.90 2.045×107 1 160.7 2.872×10−2 11.55 1.307×10−6

Table 2: Steady RANS inlet boundary conditions.

M∞ ptp
−1
∞ TtT

−1
∞

0.30 1.06443 1.01800
0.50 1.18621 1.05000
0.70 1.38710 1.09800
0.90 1.69130 1.16200
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Figures617

Figure 1: Photograph of a high Reynolds number turbulent boundary layer, moving from left to right, which
is illuminated by laser induced fluorescence. The photograph is courtesy of Lee et al. [23].
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Figure 2: The computational domain.

0 5000 10000 15000 20000 25000 30000 35000 40000
Iteration

10-15

10-14

10-13

10-12

10-11

10-10

10-9

10-8

10-7

10-6

10-5

10-4

R
e
si
d
u
a
l

ρ

u

v

w

e

uu

vv

ww

uv

uw

vw

ω

Figure 3: Variation of residual of field-variables for M∞ = 0.90 and ∂p̃/∂x = 0.
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Figure 5: Variation of u+ in inner coordinates as function of M∞ and ∂p̃/∂x.
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Figure 6: Variation of ρ and T in inner inner coordinates for various M∞.
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Figure 7: Normalized variation of urms in inner coordinates.
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Figure 8: Normalized variation of vrms in inner coordinates.
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Figure 9: Normalized variation of wrms in inner coordinates.
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Figure 10: Normalized variation of the root mean of uv in inner coordinates.
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Figure 11: Comparison of the newly developed prediction approach with the predictions of Miller and the LES
predictions of Gloerfelt and Margnat.
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Figure 12: Predictions of SPL per unit f with various M∞ and ∂p̃/∂x.


